J. Appl. Maths Mechs, Vol. 63, No. 5, pp. 677-684, 1999

© 2000 Elsevier Science Ltd

@ Pergamon All rights reserved. Printed in Great Britain
PII: S0021-8928(99)00086-6 0021-8928/99/$—see front matter

www.elsevier.com/locate/jappmathmech

THE RECONSTRUCTION OF CONTROLS IN
NON-LINEAR DISTRIBUTED SYSTEMS+

V. I. MAKSIMOYV and L. PANDOLFI
Ekaterinburg-Turin (e-mail: maksimov@imm.uran.ru; lucipan@polito.it)
(Received 25 May 1999)

The dynamical reconstruction of unknown distributed and boundary controls applied to non-linear equations of parabolic and
hyperbolic type is discussed. Regularizing algorithms are indicated that enable the controls to be reconstructed synchronously
with the evolution of the processes in question. The algorithms are stable with respect to information noise and computation
errors. © 2000 Elsevier Science Ltd. All rights reserved.

Problems of the dynamical reconstruction of the unknown inputs to systems with distributed parameters
are discussed. These inputs may be distributed and boundary controls occurring in Dirichlet boundary-
value problems. It is assumed that the system, governed by a parabolic or hyperbolic equation, functions
over a given time interval T = [0, ¥]. The evolution of its phase state z(t), t € T (the trajectory of the
system), is determined by a certain input (control) u(-) which may belong to a given function set P(-).
The input u(-) itself and the phase trajectory z(-) of the system are unknown. However, certain devices
are available that enable one, at discrete and fairly frequent times 1; € T, 1; < 7;, |, to measure the error
in the output z(t;). It is required to reconstruct the control u«(-) that generates z(-): u«(-) = u«(; z(*)).
Since exact reconstruction of u.(-) is impossible, one has to devise an algorithm which computes some
approximation of u«(-). This approximation should be better the smaller the error in measuring z(t;)
and the finer the partition {1;} of the interval T.

The problems discussed belong to the class of inverse problems of the dynamics of controllable systems
(reconstruction of the input based on measurements of the output). Inverse problems for equations
with distributed parameters have been investigated in an a posteriori setting by many authors [1-3]. An
algorithm has been proposed for the dynamical reconstruction of the input to a finite-dimensional
dynamical system which is affine with respect to the control [4]. This method, which can be used
effectively [5, 6] to solve various inverse problems for systems described by ordinary differential
equations, is based on ideas of positional control theory [7] and the methods of smoothing functionals
and residuals familiar from the theory of ill-posed problems [1]. The method has been further developed
for various classes of systems with distributed parameters [8-11]. These studies have discussed problems
of the dynamical reconstruction of distributed and boundary controls, as well as the coefficients of an
elliptical operator.

The aim of this paper is, relying on boundary control theory as presented in [12-16], to demonstrate
the possibilities of the method of auxiliary positional-control models for investigating problems of
reconstructing unknown distributed and boundary controls applied to non-linear equations of parabolic
and hyperbolic types. In the investigation of parabolic systems, use is made of the technique of contracting
semi-groups. Hyperbolic objects are considered using the “cosine” operator (concerning this approach,
see [12, 15, 16]).

1. THE RECONSTRUCTION OF CONTROL IN PARABOLIC SYSTEMS

Let X be a controllable system described by a parabolic equation
x,(6,1) — Ax(t,1) = £(2,m) + (B (D)) + D(x(2, 1)) (1)
in T x Q = @, with initial conditions
x(0,1m) = xo(M) in Q (1.2)
and boundary conditions
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x(t)r =Byuy(t), teT (1.3)

where Q C R" is an open bounded domain with a sufficiently smooth boundary T, A is the Laplacian,
(Y € Ly(T; Ly(Q)) is a given perturbation, ®(-) is a function satisfying the Lipschitz condition, and B,
€ L(Uy; Ly(Q)) and By e L(U,; Lo(T)) are continuous linear operators, U; and U, being uniformly convex
Banach spaces.

Following the approach used in [13], we will define what is meant by a solution. Let ¢ be a Dirichlet
operator, that is
Ah=0 on

ou,=he4,
h=u, on T, u, el,(I)

It is well known [14, 17] that the operator G is continuous from the space L,(QQ) to the space H. We

define a mapping

1= p(t,,, ) HX Ly(T; U)X C(T; H) > C(T; H)

Pt xg,u(),2()) = S(t)xo + A} St - 1)oByu, (T)dt +
0

+j St —D{f()+ By (1) + O(z(1)))dr, teT
0

where
Ax=Ax, xeD(A)=H) Q)N H,()

is a generator of a contracting semigroup of linear continuous operators {S(¢); t = 0} on H, and D(A)
is the domain of definition of the operator 4. By a solution of problem (1.1)—(1.3) corresponding to a
control u(-) € P(-) we mean the unique function

x()=x(50;xq,u(-)) € C(T; H)
satisfying the integral equation
x(1) = p(t;xg,u(),x(")), teT

We will now formulate the problem considered in this section. System (1.1)-(1.3) receives unknown
inputs u((-) and u,(-), u(t) = {u(2), ux(t)} € P = P; x P, for almost every (a.e.)te T; P, C U, P, C
U, are convex, bounded and closed sets. At sufficiently frequent discrete times

T, €T, 1,=7_,498, ie[l:m-1], 1,=0, 7,=0

the phase states z(T;) = x(1;, ) = x(1;; 0, xg, u(-)) € H = L,(Q). of system (1.1)—(1.3) are measured
(with an error). The measurement results £; € H satisfy the inequalities

& = x(z)|,<h (1.4

where £ is the measurement accuracy parameter.
It is required to indicate an algorithm for reconstructing an unknown input

w()={1 (), w30} € PO)= ) ={u,(), u,()} € Ly(T;U):
u(t)eR, u,(t)e P, forae. te T}

which generates an unknown output z(-) = x(-), that is, to construct an algorithm for the approximate
computation of a control u(-) such that the corresponding solution x(-; 0, xg, u«(-)) is identical with x(-).
Here U = U, x U, is the space of controls, and x(-; 0, xo, u«(-)) is a solution of Eq. (1.1) satisfying initial
conditions (1.2) and boundary conditions (1.3) and with the control u(-) = u.(-).

We will solve the problem along the lines of the approach proposed in [4-11]. It is first necessary to
select an auxiliary system or model. As a model we take the linear system described by the parabolic
equation
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w,(t,1) = Aw(e, 1) = £, 1)+ (B ()M +v (m) in TxQ (1.5)
with initial condition
w(0,m) = wo(n) in Q (1.6)
and the Dirichlet boundary condition
w()|r =Bp;@), teT (1.7)

By a solutlon of Eq. (1.5) with initial condition (1.6) generated by controls {v%(:), V4()} € P()
and V(") € Ly(T; H), we mean a function

wh()=w(;0,wy, v () e C(T;H), v'()=WL0), vI(), Vi)
defined by the following equality [14]

wh(t) = S(t)wy + AjS(t —T)oBw 1 (T)dt + }S(t —D{f(r)+ By () +vi(1)}dt, teT
0 0

As is well known [14], if the condition
v*()e PO)x L (T;H) (1.8)

is satisfied, such a solutlon exists and is unique.

Note that if u(-) (or v*(-)) is an unbounded function of time (e.g. a function which is summable in
the norm squared), then the solution of Eq. (1.1) (or (1.5)) need not be an element of the space
C(T; H).

Let @(-) be the modulus of continuity of the function ¢t — x(¢) = x(¢; 0, x, u(-)) € H on T, that is

@, (8)=sup{{x(t)) - x(t;)|, : 11, L €T, [ty —1,|< 8} (1.9)
Let {A;} be a family of uniform partitions
Ah={ti}""_l__0, T"=Th,", m=my, To =0, Tm =09 (]]O)

of the interval T with diameters & = &(h).
We will now describe an algorithm for solving the problem. First we choose a family {A,} and a
function ah): [0, 1) = R™ satisfying the following parameter-compatibility condition.

Condition 1.
8(h) — O+, (k) — 0+
{8(h)+h+0 (3}~ (h)—>0 as h—0

Once A is entered (before the beginning of the process), it is fixed. Also fixed thereby are A, and
o). The operation of the algorithm is divided into m, — 1 steps of the same type. During the ith step,
implemented in the time interval §; = 8, ; = {1, Ti+1), T; = Ts, » the following operations are performed
First, at time T; one finds a control

v =), v, vie):tes)
where
vl =v, V@) =v.(t-1;), VIO =DE,) forae. te §
v = argmin(2(s], A B, )y + a(Wlu,, v, € R)

Tisl . R
Um(') = al'gmin{ I {2(6 S(TH'] _S)si ,Bzvz(s))Lz(r‘) + (111)

T



680 V. I. Maksimov and L. Pandolfi

+a(h)|u2(s)‘;2 }ds :v,(s)e B, forae. se [0,38]}

s; = A7 (y; =&, l\l’i - Wh(Ti)th

where the operator 6* is the adjoint of the Dirichlet operator c. This control is now applied at the
input of the model. After that, the phase state of the model is recalculated: instead of w(t;) one finds
w(T;41)- The whole procedure is implemented before the time 9.

Remark. As is well known [16, 17]
0'*z=af/&n|r, VzeH
where fis a solution of the Dirichlet problem
A =z(n), NeQ; flr=0
Therefore
V() =arg min{ [ {2( p A8~ )si |rs B2u2(s)J +
Ly(T)
+Ot(h)|u2(s)|z2 }ds:v,(s)e B, forae. sel0, 6]}
Let U(x(-)) be the set of all controls in P(-) compatible with the output x(-), that is

Ux() = {u() = {4 (), u, ()} € P():

x(t)— 8()xy — [ S¢t = D{F(T) + D(x(7)) }dt =
0
= Aj S(t - 1)oByu, (7)dt + jS(t - T)Bu(t)dt, Vte T} (1.12)
0 0

This set is obviously convex, bounded and closed in L,(T; U). Hence it contains a unique element
us(:) = ux(-; x(1)) = {ug2(*), up«(-)} of minimum L(T; U)-norm.
Let v = {V(), v3()}.

Theorem 1. Suppose Condition 1 is satisfied and the initial state wy € H of the model is such
that

bg—woly < h

Then, for any € > 0, one can find an 4, such that, whenever 4 < A4

ORIAGEIO) (1.13)

L(T; U)

We define the Lyapunov functional

&) =|A" w0y - 2, + E@) (1.14)

E(t) = a(h) (J){|ué'(s)|f,2 +|v1h(s)|:jl 0 A T }ds (1.15)

Lemma 1. The following inequality holds uniformly over all partitions A, and measurements &; that
satisfy inequalities (1.4)

et )=k@+h+0,08), i=1..m
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The proof of Theorem 1 is based on this lemma, whose truth, in turn, is established in the same way
as in [4, 9].

2. RECONSTRUCTION OF THE CONTROL IN HYPERBOLIC SYSTEMS
Let X be a controllable system described by a hyperbolic equation

X, (M) — Ax(t,n) = f(t, M)+ (B (£))() +
+®@(x(t,M), x,(t,M)) in TxQ=0 (2.1)
with initial conditions
x(0,m) = xo (M), x,(0,M) =x,0(n) in Q (2.2)

and boundary conditions (1.3). The domain Q, the operator A, the function f(-), the mappings B, B,
and the spaces U;, U,, U, V are the same as in Section 1. The non-linear perturbation ®(:, -) is Fréchet
differentiable on H x H(Q) (H = L,(Q)) and satisfies the growth condition

|G ), <M{lx 1y +1y] L, V(x,y)e HxH (L)

H Y@

(@’ denotes the Fréchet derivative).
Following the approach descrlbed in [13], we define what is meant by a solution of problem (2.1),
(2.2),(1.3). Letxge H,xigc H™ 1(Q). Define a mapping

t— p(tv""'! ) {pl()rPZ()’} :HX H_ (Q) X I’Z(T’U) X
xC(T; Hx H'Y(Q)) > C(T; Hx H™'(Q))

p;(t:xg, %19, u(),2()) = S,(-’(t)xo +8,(0)x)9 — A[ S;(t = T)OByu, (T)dT +
0

+jsj(t——'t){f('c)+B,ul(t)+(D(zl(t),zz(t))}dt, teT;, j=12
0

SP(1) =C), S30)=AT®), S,()=T@), S,t)=C@)
2()={z;(), 2,()} € C(T; H x H™'(Q))

The operator A was defined in Section 1. It is well known [12] that this operator is a generator of a
strongly continuous “cosine” operator {C(¢); ¢ = 0} on H, with which, in turn, we can associate a “sine”
operator

T(t)x = jC(t)xdT
0
By a solution of problem (2.1), (2.2), (1.3) corresponding to a control u(-) € P(-) we mean, following
the approach of [13, 15], the unique function
20)=1{x(30, %0, 210, 40)), %,(-30,%0, %10, u(-N} € C(T; H x H™'(Q))
satisfying the integral equation
z(t) = p(t;xg, x19,u(),2(-)), teT

Essentially, our problem is analogous to that described in Section 1 for a parabolic equation. Namely,
it is assumed that the system receives unknown inputs u;(-) and u,(-), ut) = {uy(t), u(r)} € P = Py x
P, for almost allz e T; P, C U; and P, C U, are convex, bounded and closed sets. At sufficiently frequent
discrete times

TiGT, 1:,'=’C,'__l+8, iE[l:m’—l], TO=O, T,n:ﬂ
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the phase states
2(t;) = {x(T;, M), x, (T, M)}

of system (2.1), (2.2), (1.3) are measured (with an error). The measurement results &, = {£)(1,)} €
H x HY(Q) satisfy the inequalities

e -xz)|, <h P -xa) (2.3)

H~ (Q)

where & is the measurement accuracy parameter. The problem is to construct an algorithm for the
dynamical reconstruction of the unknown input u.(-) = {uj("), u%(")} € P(-) which also generates the
unknown output z(-).

We will now solve the problem. As a model we take the linear system described by the hyperbolic
equation

W (8,1) - Aw(t,n) =
= fit, M+ B )M +vie,n) in TxQ (24)
with initial conditions
w(0, M) = wo(M), w,(0,1) =w;o(m) in Q (2.5)

and Dirichlet boundary conditions (1.7).
By a solution of Eq. (2.4) with initial conditions (2.5) generated by the controls {v%(-), vi()} € P
and v(-) € L, (T; H) we mean a function

wh () = w(-30,wp, wiow *()) € C(T; H), wh()e C(T;H™'(Q))
vEO =), v, viE)
defined by the following equalities [15]

wh(t) = C(tywy + T(t)wyg — Aj T(t - T)oBy 2 (t)dt +
0
+ j T(t - D f (D) + By () +v ¥ (1) }dr
0
wh (1) = AT()xq + C($)x, - Aj C(t - ©)OB,u, (T)dT +
0

+ jC(:—r){f(z)+B,u,(z)+u;'('c)}dz, teT

As is well known [15], if condition (1.8) is satisfied, such a solution exists and is unique.
Let ¢(-) and ¢.(-) be the moduli of continuity of the functions ¢t — x(¢t) = x(t; 0; xq, x1q, u«(-))e H,
t > xt) = x(t; 0; Xo, X10, us(-)) € HY(Q), respectively, on T, that is

(px(5) = Sup{‘ x(tl)—x(tz) lH: it € T, | Lh—1t < 8}
(px(a) = sup{l xr(t])"'x,(tz) 'H“(Q): L € T, 1 -t i< 8}
Suppose, moreover, that we have chosen a family {A,} of uniform partitions (1.10) of the interval

T with diameters 8 = 8(k) and a function o) : [0, 1) — R* satisfying the following parameter-
compatibility condition.

Condition 2.

8(h) - 0+, a(h) - 0+
(B(h)+ h+@ (B(h)+ 0,8l (A) >0 as k>0
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The algorithm for solving the problem is analogous to that described in Section 1. One first selects
a family {A;} and function o#) satisfying Condition 2. Once 4 is entered (before the beginning of the
process), it is fixed. Also fixed thereby are A, and a(h). The operation of the algorithm is divided into
my, — 1 steps of the same type. During the ith step, carried out in the time interval §; = 8,; = [1;, T,11),
T; = T4, the following operations are performed. First, at time T; one determines a control

vh ()=l ed)
where
vh = argmin{2(A™s, A7 By )y + k) v, v, € B)
v, =argmin{2(s®, A" OBw ) + ) v, 13,10, € B}
vy =0E")
s = ATy =), 1w G S B

This control is then applied at the input of the model. After that, the phase state of the model is re-
calculated: instead of w(t;) one finds w(t;, ). The whole procedure is implemented before the time 9.

Let U(z(-)) be the set of all controls in P(-) compatible with the output z(-), that is, which satisfies a
relationship analogous to (1.12), with S(f)xq replaced by C(fyxy + T(#)x1o and S(¢r — 1) replaced by
T(z — ). This set is also convex, bounded and close in L,(7T; U). It therefore contains a unique element

us(-) = us(520)) = {up(; 2()), up(:; 2(-))} of minimum L,(7T; U)-norm.
Let vi() = {vi(-), v5()}.
Theorem 2. Suppose Condition 2 is satisfied and the initial state wh € H and wig e H Q) of the

model is such that

'.xO"Wo IHsh, lxlo—wlol h

@S

Then, for any £ > 0, one can find £, such that, whenever A < h,, inequality (1.13) holds.
We define a Lyapunov functional

A =20+ AP (1) + E@)
where
AWny=1ay )k, AP =147y @) 2o @
Yi(t) = w(t)-x(1)

The functional E(¢) is defined by formula (1.15).
The proof of the theorem relies on the following lemma.

Lemma 2. The following inequality is true uniformly over all partitions A, and measurements &
satisfying inequalities (2.3)

MT)<k@+h+o,®)+9,0), i=1l..m

In the proof of Lemma 2, use is made of properties of the “sine” and “cosine” operator [12, 18], and
the following inequalities are established

AP (1) = AP (1) +28(A7 ¥(1), A7y, (1)) 1, () + KiS(B+8)

AP (1) < AP (1) - 2847 9(1), A7y, (8, ) + Ko+ 8)+

+ ifq [20A7', A7 By — s () g + oI | 5 —Tupa(s) 1, V1ds +

Ui

+ ifﬂ (2687, A™'6B, v — e () +0B){IW ;B 1 ugu(s) 12, })ds
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Remarks. 1. The problem of reconstructing controls in a hyperbolic system may also be solved using the semigroup
approach, since, as is well known, the operator
[+ d
A =
A

generates a Cg-semigroup in the space H x H™'(Q) such that the solution of problem (2.1), (2.2), (1.3) may be

represented in the form
|x(';| xp (A :)ui"ﬂ AdJexp (At ))f’ +
. = " —A,]CEX IS
f P 1 0 P B,u, (s

x(
+ Jexp (A=) Ig’(x(.v),i(S))‘*B:“l w"‘k

2. The algorithms described in this paper may be suitable (with appropriate adjustments) for solving the problem
of reconstructing boundary controls in the Dirichlet equation, in the case when the dynamical system under
consideration is described by other types of non-linear equations with distributed parameters.
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